
Q1: Find the k-th smallest element between indexes i and j

4 53 3 9 1 2 1 7 9 2 7 3 5 1 36 4 8 9 4 3 7
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Q1: Find the k-th smallest element between indexes i and j

33 3 9 1 2 1 7 6 4 8 9 4 3 7 5 9 2 7 3 5 1

4th smallest element?

4 4 5 6 7 7 8 9 93



Q2: Swap the elements at positions i and i + 1

4 53 3 9 1 2 1 7 9 2 7 3 5 1 36 4 8 9 4 3 7



Q2: Swap the elements at positions i and i + 1

14 8 9 4 3 7 543 3 9 1 2 1 7 7 3 5 36 29



Q2: Swap the elements at positions i and i + 1

6 1 34 8 9 4 3 7 543 3 9 1 2 1 7 7 3 529 29



Q2: Swap the elements at positions i and i + 1

6 5 1 34 8 9 4 3 7 543 3 9 1 2 1 7 7 32 9
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Q2: Swap the elements at positions i and i + 1

6 5 1 34 8 9 4 3 7 543 3 9 1 2 1 7 7 32 9
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Q2: Swap the elements at positions i and i + 1

6 5 1 34 8 9 4 3 7 543 3 9 1 2 1 7 7 32 9

4th smallest element?

3 4 4 5 6 7 7 8 92



Input

◮ sequence of length N = 106

◮ values in the range [−109, 109]

◮ 105 (online) queries of either type Q1 or Q2

Task

◮ report the answer to queries of type Q1

considering the updates Q2
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Wavelet Tree

◮ represents sequences over a (potentially big) alphabet Σ

◮ basic (tree) structure can be built in O(N × log |Σ|)

◮ answer several interesting queries in time O(log |Σ|)



Wavelet Tree

◮ represents sequences over a (potentially big) alphabet Σ

◮ basic (tree) structure can be built in O(N × log |Σ|)

◮ answer several interesting queries in time O(log |Σ|)

◮ can be smoothly composed with more classical structures
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The Wavelet Tree



Wavelet Tree construction
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23 3 9 1 2 1 7 6 4 8 5734 315379 94
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Wavelet Tree construction

23 3 9 1 2 1 7 6 4 8 5734 315379 94

313234412133 6 8 9 7 5 99 7 57



Wavelet Tree construction

lll ll

33 24 5734 315379984671219

3 4 3 2 3 1 31 2 1 43 5795798679



Wavelet Tree construction

lll ll

33 24 5734 315379984671219

3 31323441213 5 5799 7 6 8 9 7

12121



Wavelet Tree construction

rrrrrrr

33 24 5734 315379984671219

3 31323441213 5 5799 7 6 8 9 7

12121



Wavelet Tree construction

rrrrrrr

33 24 5734 315379984671219

13 3132344123 9 579 7 6 8 9 7 5

12121 3 3 4 4 3 3 3



Wavelet Tree construction

lll
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Wavelet Tree construction

lll

734 31537998467121933 24 5
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Wavelet Tree construction

r r

734 31537998467121933 24 5
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Wavelet Tree construction

r r

734 31537998467121933 24 5

13 3 1 2 1 4 4 3 2 3 3 9 7 6 8 9 7 5 9 7 5

1 2 1 2 1 3 334433

11 1 2 2
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l ll ll

998467121933 24 5734 31537

1 33 3 2 1 4 41 3 2 3 5795798679

1 2 1 12 3334433

11 1 2 2 3 33 3 3



Wavelet Tree construction

rr

998467121933 24 5734 31537

1 33 3 2 1 4 41 3 2 3 5795798679

1 2 1 12 3334433

11 1 2 2 3 33 3 3



Wavelet Tree construction

rr

998467121933 24 5734 31537

1 33 3 2 1 4 41 3 2 3 7 595798679

1 2 1 12 3334433

11 1 2 2 3 33 3 3 4 4



Wavelet Tree construction

l l l ll l

3 3 9 1 2 1 7 6 4 8 9 9 7 3 5 1 34 3 7 54 2

41 31322133 4 3 9 7 6 8 9 7 5 9 7 5

12121 433 4 3 3 3

1 11 2 2 3 33 3 3 44



Wavelet Tree construction

l l l ll l

3 3 9 1 2 1 7 6 4 8 9 9 7 3 5 1 34 3 7 54 2

41 31322133 4 3 9 7 6 8 9 7 5 9 7 5

12121 77 6 7 5 533 4 4 3 3 3

1 11 2 2 3 33 3 3 44



Wavelet Tree construction

r r rr

3 3 9 1 2 1 7 6 4 8 9 9 7 3 5 1 34 3 7 54 2

41 31322133 4 3 9 7 6 8 9 7 5 9 7 5

12121 77 6 7 5 533 4 4 3 3 3

1 11 2 2 3 33 3 3 44



Wavelet Tree construction

r r rr

3 3 9 1 2 1 7 6 4 8 9 9 7 3 5 1 34 3 7 54 2

41 31322133 4 3 9 7 6 8 9 7 5 9 7 5

12121 77 6 7 5 533 4 4 3 3 3 989 9

1 11 2 2 3 33 3 3 4 4



Wavelet Tree construction

l ll

998467121933 24 5734 31537

1 3 1 33 3 2 1 4 4 3 2 98679 57957

12121 57 6 7 5 734433 33 99 8 9

11 1 2 2 3 33 33 44
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Wavelet Tree construction

r rr

998467121933 24 5734 31537

313234412133 8 9 7 5 9 579 7 6

1 2 21 1 7 55 7674 3 333 3 4 8 99 9

1 11 6 5 522 3 33 33 4 4



Wavelet Tree construction

r rr

998467121933 24 5734 31537

313234412133 8 9 7 5 9 579 7 6

1 2 121 57 5 7673 333 3 4 4 8 99 9

1 11 6 5 522 7 773 33 33 44



Wavelet Tree construction

l

998467121933 24 5734 31537

1 4 3 2 33 13 3 1 2 4 95799 7 6 8 7 5

2121 1 57 6 7 5 74 333433 99 8 9

11 1 56 52 2 77 7333 33 4 4



Wavelet Tree construction

l

998467121933 24 5734 31537

1 4 3 32 3 13 3 1 2 4 5799 7 6 8 9 57

2121 1 57 6 7 5 74 333433 99 98

11 1 56 52 2 77 733 33 3 844



Wavelet Tree construction

r rr

998467121933 24 5734 31537

1 4 3 32 3 13 3 1 2 4 5799 7 6 8 9 57

2121 1 57 6 7 5 74 333433 99 98

11 1 56 52 2 77 733 33 3 844



Wavelet Tree construction

r rr

998467121933 24 5734 31537

1 4 33 2 3 13 3 1 2 4 79 79 7 6 8 5 59

2121 1 7 57 6 5 73 334433 99 98

11 1 56 52 2 77 7333 33 84 4 9 99



Wavelet Tree construction

ll

998467121933 24 5734 31537

1 4 33 2 3 13 3 1 2 4 79 79 7 6 8 5 59

2121 1 7 57 6 5 73 334433 99 98

11 1 56 52 2 77 7333 33 84 4 9 99



Wavelet Tree construction

ll

998467121933 24 5734 31537

1 34 3 2 3 13 3 1 2 4 9 799 7 6 8 7 55

2121 1 7 5 57 6 73 334433 99 98

11 1 56 52 2 77 73 3 33 3 844 9 99

55



Wavelet Tree construction

r

998467121933 24 5734 31537

1 34 3 2 3 13 3 1 2 4 9 799 7 6 8 7 55

2121 1 7 5 57 6 73 334433 99 98

11 1 56 52 2 77 73 3 33 3 844 9 99

55



Wavelet Tree construction

r

998467121933 24 5734 31537

1 4 4 3 2 3 13 3 1 2 3 7959 7 6 8 9 57

2121 1 7 7 55 763334433 99 8 9

11 1 6 5 52 2 7 7 73 3 33 3 84 4 9 9 9

55 6



Wavelet Tree construction

998467121933 24 5734 31537

1 4 4 3 2 3 13 3 1 2 3 7959 7 6 8 9 57

2121 1 7 7 55 763334433 99 8 9

11 1 6 5 52 2 7 7 73 3 33 3 84 4 9 9 9

55 6



Mapping indexes to the left and to the right

998467121933 24 5734 31537

1 4 4 3 2 3 13 3 1 2 3 7959 7 6 8 9 57

2121 1 7 7 55 763334433 99 8 9

11 1 6 5 52 2 7 7 73 3 33 3 84 4 9 9 9

55 6



Mapping indexes to the left and to the right

998467121933 24 5734 31537

1 4 3 2 3 13 3 1 2 34 799 7 6 8 9 7 5 5

1 1212 6 7 5757334433 3 99 8 9

111 5562 2 7773 3 33 3 84 4 9 99

55 6
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1 4 3 2 3 13 3 1 32 4 9 579 7 6 8 9 7 5

1 1212 6 7 5 77 53 333443 98 99

11 1 5562 2 7 773 33 3 3 844 9 99

5 5 6



Mapping indexes to the left and to the right

998467121933 24 5734 31537

1 4 3 2 3 13 3 1 32 4 9 579 7 6 8 9 7 5

1 1212 6 7 5 77 53 333443 98 99

11 1 5562 2 7 773 33 3 3 844 9 99

5 5 6



Mapping indexes to the left and to the right

998467121933 24 5734 31537

1 4 3 2 3 13 3 1 32 4 9 579 7 6 8 9 7 5

1 1212 6 7 5 77 53 333443 98 99

11 1 5562 2 7 773 33 3 3 844 9 99

5 5 6



Mapping indexes to the left and to the right

998467121933 24 5734 31537

1 4 3 2 3 13 3 1 32 4 9 579 7 6 8 9 7 5

1 1212 6 7 5 77 53 333443 98 99

11 1 5562 2 7 773 33 3 3 844 9 99

5 5 6



Queries



Rank queries

How many 9s?

998467121933 24 5734 31537

1 4 3 2 3 13 3 31 2 4 5 799 7 6 8 9 57

1 1212 6 7 5 7 573 333443 99 8 9

11 1 55622 7 773 33 3 3 844 999

5 5 6



Rank queries

How many 9s?

998467121933 24 5734 31537

1 4 3 2 3 13 33 1 2 4 5 979 7 6 8 579

1 1212 7 6 5 77 53334433 989 9

11 1 55622 77 73 33 33 844 99 9

5 5 6
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How many 9s?

998467121933 24 5734 31537

3 3 1 33 3 1 2 1 4 4 2 6 8 9 7 5 9 7 59 7

2 1121 5757673334433 99 98

11 1 55622 7 7 73 33 3 3 844 9 9 9

55 6



Rank queries

How many 9s?

998467121933 24 5734 31537

3 3 1 33 3 1 2 1 4 4 2 6 8 9 7 5 9 7 59 7

2 1121 5757673 333443 99 8 9

11 1 55622 7 7 73 33 33 84 4 9 99

5 5 6



Quantile queries

5th smallest element?

998467121933 24 5734 31537

3 3 1 33 3 1 2 1 4 4 2 6 8 9 7 5 9 7 59 7

2 1121 57576733 4 343 3 999 8

1 1 1 6 5522 77 733 3 3 3 844 9 99

5 5 6



Quantile queries

5th smallest element?

998467121933 24 5734 31537

3 3 1 33 3 1 2 1 4 4 2 6 8 9 7 5 9 7 59 7

2 1121 57576733 4 343 3 999 8

1 1 1 6 5522 77 733 3 3 3 844 9 99

5 5 6



Quantile queries

5th smallest element?

998467121933 24 5734 31537

3 3 1 33 3 1 2 1 4 4 2 6 8 9 7 5 9 7 59 7

2 1121 57576733 4 43 3 3 9 998

1 1 1 6 5 522 77 73 33 33 84 4 9 99

55 6



Quantile queries

2nd smallest element

998467121933 24 5734 31537

3 3 1 33 3 1 2 1 4 4 2 6 8 9 7 5 9 7 59 7

2 1121 57576733 4 43 3 3 9 998

1 1 1 6 5 522 77 73 33 33 84 4 9 99

55 6



Quantile queries

2nd smallest element

998467121933 24 5734 31537

3 3 1 33 3 1 2 1 4 4 2 6 8 9 7 5 9 7 59 7

2 1121 57576733 4 43 3 3 9 998

1 1 1 6 5 522 77 73 33 33 84 4 9 99

55 6



Quantile queries

2nd element

9 99

7 3 5 1 34 7 54 23 3 9 1 2 1 7 6 4 8 9 93

3 3 1 2 1 4 4 3 2 3 1 3

33344331 2 1 2 1

2 2 333 33 4 411 1

9 7 6 8 9 7 5 9 7 5

7 6 7 5 7 5 99 8 9

877 76 5 5

655
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2 2 333 33 4 411 1

9 7 6 8 9 7 5 9 7 5

7 6 7 5 7 5 99 8 9

877 76 5 5

655

9 9
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7 3 5 1 34 3 74 23 3 9 1 2 1 7 6 4 8 9 95

3 3 1 2 1 4 4 3 2 3 1 3

33344331 2 1 2 1

2 2 333 33 4 411 1
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7 6 7 5 7 5 99 8 9

877 76 5 5

655

9 9



Quantile queries

2nd element

7 3 5 1 34 3 7 543 3 9 1 2 1 7 6 4 8 9 9 2

3 3 1 2 1 4 4 3 2 3 1 3

33344331 2 1 2 1

2 2 333 33 4 411 1

9 7 6 8 9 7 5 9 7 5

7 6 7 5 7 5 99 8 9

877 76 5 5

655

9 99



Quantile queries

2nd element

74 3 998467121933 257 31537 3 5 1 34 3 7 543 3 9 1 2 1 7 6 4 8 9 9 2

3 3 1 2 1 4 4 3 2 3 1 3

33344331 2 1 2 1

2 2 333 33 4 411 1

9 7 6 8 9 7 5 9 7 5

7 6 7 5 7 5 99 8 9

877 76 5 5

655

9 99



Quantile queries

1st element

74 3 998467121933 257 31537 3 5 1 34 3 7 543 3 9 1 2 1 7 6 4 8 9 9 2

3 3 1 2 1 4 4 3 2 3 1 3

33344331 2 1 2 1

2 2 333 33 4 411 1

9 7 6 8 9 7 5 9 7 5

7 6 7 5 7 5 99 8 9

877 76 5 5

655

9 99



Contiguous Swap

77 76 5 5

655

9 99

7 3 5 1 34 3 7 54 23 3 9 1 2 1 7 6 4 8 9 9

3 3 1 2 1 4 4 3 2 3 1 3

33344331 2 1 2 1

2 2 333 33 4 411 1

9 7 6 8 9 7 5 9 7 5

7 6 7 5 7 5 99 8 9

8
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77 76 5 5

655
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Contiguous Swap
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7 3 5 1 34 3 7 543 3 9 1 2 1 7 6 4 8 9 92

3 3 1 2 1 4 4 3 2 3 1 3

33344331 2 1 2 1
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Contiguous Swap

77 76 5 5

655

9 99

7 3 5 1 34 343 3 9 1 2 1 7 6 4 8 9 925 7

3 3 1 2 1 4 4 3 2 3 1 3

33344331 2 1 2 1

2 2 333 33 4 411 1

9 7 6 8 9 7 5 9 7 5

7 6 7 5 7 5 99 8 9

8



Contiguous Swap

922

7 3 5 1 34 343 3 9 1 2 1 7 6 4 8 9 925 7

9 7 6 8 9 7 5 9 7 5

12121 3 3 4 4 3 3 3

313234412133

333 33 4 411 1

7 6 7 5 7 5 99 8 9
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Contiguous Swap

922

7 3 5 1 34 343 3 9 1 2 1 7 6 4 8 9 925 7

9 7 6 8 9 9 7 55 7

12121 3 3 4 4 3 3 3

313234412133

333 33 4 411 1

7 6 7 5 7 5 99 8 9

877 76 5 5

655

9 9



Contiguous Swap

1 34 343 3 9 1 2 1 7 6 4 8 9 925 7

9 7 6 8 9 9 7 55 7

7 6 7 5 7 512121 3 3 4 4 3 3 3

313234412133

333 33 4 411 1

99 8 9

877 76 5 5

655

9 9922

7 3 5



Contiguous Swap

1 34 343 3 9 1 2 1 7 6 4 8 9 925 7

9 7 6 8 9 9 7 55 7

7 6 7 55 712121 3 3 4 4 3 3 3

313234412133

333 33 4 411 1

99 8 9

877 76 5 5

655

9 9922

7 3 5



Contiguous Swap

1 34 343 3 9 1 2 1 7 6 4 8 9 925 7

9 7 6 8 9 9 7 55 7

7 6 7 55 712121 3 3 4 4 3 3 3

313234412133

2 2 333 33 4 411 1

99 8 9

877 756 5

655

9 99

7 3 5



Wavelet Trees support many other queries

◮ How many elements with values between a and b?

◮ Rectangular queries in a grid

◮ Augment with other structures in every level
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Wavelet Trees support many other queries

◮ How many elements with values between a and b?

◮ Rectangular queries in a grid

◮ Augment with other structures in every level

◮ Push/pop back/front

and with a bit more effort

◮ Update the value of arbitrary elements in the list
(not in the paper)



Wavelet Tree implementation

3 9 1 2 1 7 6 4 8 9 9 7 3 5 1 34 3 7 54 23

3 23441213 313 7 6 8 9 7 59 9 7 5

1121 2 57 6 7 7 5433 3334 8 999

11 1 55622 77 73 33 3 3 84 4 9 99

5 5 6



Wavelet Tree implementation

10 11

01 0

1 11 0 0 0

0 00001 0 11 1

1 0 00 10 010 0 01

0000 111 1111 0

3 9 1 2 1 7 6 4 8 9 9 7 3 5 1 34 3 7 54 23
00000000 0000 11111111 11

3 23441213 313 7 6 8 9 7 59 9 7 5

1121 2 57 6 7 7 5433 3334 8 999

11 1 55622 77 73 33 3 3 84 4 9 99

5 5 6



Wavelet Tree implementation

10 11

01 0

1 11 0 0 0

0 00001 0 11 1

1 0 00 10 010 0 01

0000 111 1111 0

00000000 0000 11111111 11

11 1 22 77 73 33 3 3 84 4 9 99

5 5 6



Wavelet Tree implementation

10 11

01 0

1 11 000

1 111 000000

1 1 000000 11 00

00 1111111 000

00 0 0 0 0 0 0 0 0 0 01 11 1 1 1 1 111

1 11 2 2 77 7333 3 3 84 4 999

5 5 6

(9, 3)(3, 5)(2, 2)(1, 3)

(5, 2) (6, 1)

(7, 3) (8, 1)(4, 2)



Wavelet Tree implementation

10 11

01 0

1 11 000

1 111 000000

1 1 000000 11 00

00 1111111 000

00 0 0 0 0 0 0 0 0 0 01 11 1 1 1 1 111

(9, 3)(3, 5)(2, 2)(1, 3)

(5, 2) (6, 1)

(7, 3) (8, 1)(4, 2)



Wavelet Tree implementation

10 11

01 0

1 11 000

1 111 000000

1 1 000000 11 00

00 1111111 000

00 0 0 0 0 0 0 0 0 0 01 11 1 1 1 1 111

(9, 3)(3, 5)(2, 2)(1, 3)

(5, 2) (6, 1)

(7, 3) (8, 1)(4, 2)

https://github.com/nilehmann/wavelet-tree



Performance
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106 rank queries in 1s for input of size 106.
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∼ 106 quantile queries in 1s for input of size 106.
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∼ 105 range queries in 1s for input of size 106.
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Submitted Accepted

ILKQ1 49 9
ILKQ2 32 6
ILKQ3 35 2

Submissions until April 2016

As of today: two users submitted correct solutions using Wavelet Trees!
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